Abstract. In this paper, we initiate the study of a class D m p (H) of noncommutative domains of ntuples of bounded linear operators on a Hilbert space H, where m ≥ 2, n ≥ 2, and p is a positive regular polynomial in n noncommutative indeterminates. These domains are defined by certain positivity conditions on p, i.e.,
Introduction
Let F + n be the unital free semigroup on n generators g 1 , . . . , g n and the identity g 0 , and consider a polynomial q = q(Z 1 , . . . , Z n ) = c α Z α in noncommutative indeterminates Z 1 , . . . , Z n , where we denote Z α := Z i1 . . . Z i k if α = g i1 . . . g i k ∈ F + n , i 1 , . . . i k ∈ {1, . . . , n}, and Z g0 := I. We associate with q the operator q(X, X * ) := c α X α X * α , where X := (X 1 , . . . , X n ) ∈ B(H) n and B(H) is the algebra of all bounded linear operators on a Hilbert space H. Let p = p(Z 1 , . . . , Z n ) = a α Z α , a α ∈ C, be a positive regular polynomial, i.e., a α ≥ 0, a g0 = 0, and a gi > 0, i = 1, . . . , n. Given m, n ∈ {1, 2, . . .}, we define the noncommutative domain D m p (H) := X := (X 1 , . . . , X n ) ∈ B(H) n : (1 − p) k (X, X * ) ≥ 0 for 1 ≤ k ≤ m .
In the last fifty years, these domains have been studied in several particular cases. Most of all, we should mention that the study of the closed operator unit ball
[B(H)]
In this paper, we initiate the study of noncommutative domains D m p (H), when m ≥ 2, n ≥ 2, and p is any positive regular noncommutative polynomial. What makes the case m ≥ 2 quite different from the case m = 1 is that D m p (H) is not a ball-like domain, when m ≥ 2. This can be seen even in the single variable case (n = 1) (see [1] , [2] , [26] , [27] ). We introduce a class of noncommutative Berezin transforms associated with any n-tuple of operators in D In Section 1, we associate with each m, n ∈ {1, 2, . . .} and each positive regular noncommutative polynomial p = p(Z 1 , . . . , Z n ) = a α Z α , a noncommutative domain D m p (H) ⊂ B(H) n and a unique n-tuple (W 1 , . . . , W n ) of weighted shifts acting on the full Fock space F 2 (H n ) with n generators. They will play the role of the universal model for the elements of D m p (H). We also introduce the n-tuple (Λ 1 , . . . , Λ n ) associated with D m p (H), which turns out to be the universal model associated with the noncommutative domain D m e p (H), where p = p(Z 1 , . . . , Z n ) = aαZ α and α denotes the reverse of α = g i1 · · · g i k , i.e., α := g i k · · · g i1 .
In Section 2, we introduce a noncommutative Berezin transform B T associated with each n-tuple of operators T := (T 1 , . . . , T n ) ∈ D m p (H) with the joint spectral radius r p (T 1 , . . . , T n ) < 1. More precisely, the map B T : B(F 2 (H n )) → B(H) is defined by 1/2 and x, y ∈ H. We remark that in the particular case when: m = 1, n = 1, p = Z, H = C, and T = λ ∈ D, we recover the Berezin transform [12] of a bounded linear operator on the Hardy space H 2 (D), i.e.,
where k λ (z) := (1 − λz) −1 and z, λ ∈ D. The noncommutative Berezin transform which will play an important role in this paper.
First, we show that the Berezin transform has an extension B T : B(F 2 (H n )) → B(H) to any ntuple T ∈ D m p (H). This is used to prove that the restriction of B T to the operator system S := span{W α W * β ; α, β ∈ F + n } is a unital completely contractive linear map such that
when T := (T 1 , . . . , T n ) ∈ D m p (H) is a pure n-tuple of operators (i.e. p k (T, T * ) → 0 strongly as k → ∞). We obtain a similar result for n-tuple of operators with the radial property, i.e., (rT 1 , . . . , rT n ) ∈ D . Section 4 will play an important role in connecting the results of the present paper to analytic function theory on Reinhardt domains in C n , as well as, to model theory for commuting n-tuples of operators.
In Section 5, we consider noncommutative varieties V m p,Q (H) ⊂ D m p (H) determined by sets Q of noncommutative polynomials. We associate with each such a variety a universal model (B 1 , . . . , B n ) ∈ V m p,Q (N Q ), which is the compression of (W 1 , . . . , W n ) to an appropriate subspace N Q of the full Fock space F 2 (H n ). We introduce the constrained noncommutative Berezin transform B c T : B(N Q ) → B(H) and use it to obtain analogues of the results of Section 2, for subvarieties. We also show that, if the constants belong to the subspace N Q , then the C * -algebra C * (B 1 , . . . , B n ) is irreducible and all the compacts operators in B(N Q ) are contained in the operator space span{B α B * β : α, β ∈ F + n }. These results are vital for the development of model theory on noncommutative varieties.
In Section 6, we obtain dilation and model theorems for the elements of the noncommutative variety V m p,Q (H). First, we prove that an n-tuple of operators T := (T 1 , . . . , T n ) ∈ B(H) n is a pure element of V When (T 1 , . . . , T n ) ∈ V m p,Q (H) is an n-tuple of operators (on a separable Hilbert space H) with the radial property and Q is a set of homogenous noncommutative polynomials, we show that there exists a * -representation π : C * (B 1 , . . . , B n ) → B(K π ) on a separable Hilbert space K π , which annihilates the compact operators and
. . , n, where the operators
are acting on the Hilbert spaceK := (N Q ⊗ D) ⊕ K π and H is identified with a * -cyclic co-invariant subspace ofK under each operator V i , i = 1, . . . , n.
In the single variable case, when m ≥ 2, n = 1, p = Z, and Q = 0, the corresponding variety coincides with the set of all m-hypercontractions studied by Agler in [1] , [2] , and recently by Olofsson [26] , [27] . When m ≥ 2, n ≥ 2, p = Z 1 + · · · + Z n , and Q = 0, the elements of the corresponding domain D m p (H) can be seen as multivariable noncommutative analogues of Agler's m-hypercontractions.
In the particular case when Q c coincides with the set of polynomials
. . , n, we can combine the results of Section 4 and Section 6 to recover several results concerning model theory for commuting n-tuples of operators. The case m ≥ 2, n ≥ 2, p = Z 1 + · · · + Z n , and Q = Q c , was studied by Athavale [9] , Müller [24] , Müller-Vasilescu [25] , Vasilescu [49] , and Curto-Vasilescu [14] . Some of these results concerning model theory were extended by S. Pott [48] to positive regular polynomials in commuting indeterminates.
We should mention that most of the results of this paper are presented in a more general setting, namely, when the polynomial p is replaced by a positive regular free holomorphic function (see Section 1 for terminology). In a future paper, we expect to use these results to obtain functional models for the elements of the noncommutative domain D m p (H) (resp. subvariety V m p,Q (H)), based on characteristic functions.
Noncommutative domains and universal models
In this section, we associate with each positive regular free holomorphic function f on [B(H) n ] ρ , ρ > 0, and each m, n ∈ {1, 2,
n and a unique n-tuple (W 1 , . . . , W n ) of weighted shifts. This n-tuple of operators will play the role of the universal model for the elements of D m f (H). We also introduce the n-tuple (Λ 1 , . . . , Λ n ) associated with D m f (H), which turns out to be the universal model for the elements of the noncommutative domain Df . Let H n be an n-dimensional complex Hilbert space with orthonormal basis e 1 , e 2 , . . . , e n , where n ∈ {1, 2, . . . }. We consider the full Fock space of H n defined by
where H ⊗0 n := C1 and H ⊗k n is the (Hilbert) tensor product of k copies of H n . Define the left creation operators S i :
. . , n, by
and the right creation operators R i :
The algebra F ∞ n and its norm closed version, the noncommutative disc algebra A n , were introduced by the author [34] in connection with a multivariable noncommutative von Neumann inequality. F ∞ n is the algebra of left multipliers of F 2 (H n ) and can be identified with the weakly closed (or w * -closed) algebra generated by the left creation operators S 1 , . . . , S n acting on F 2 (H n ), and the identity. The noncommutative disc algebra A n is the norm closed algebra generated by S 1 , . . . , S n , and the identity. For basic properties concerning the noncommutative analytic Toeplitz algebra F ∞ n we refer to [32] , [33] , [35] , [36] , [37] , [39] , [18] , [19] , [17] , [15] , and [4] .
Let F + n be the unital free semigroup on n generators g 1 , . . . , g n and the identity g 0 . The length of α ∈ F + n is defined by |α| := 0 if α = g 0 and |α| := k if α = g i1 · · · g i k , where i 1 , . . . , i k ∈ {1, . . . , n}. If X := (X 1 , . . . , X n ) ∈ B(H) n , where B(H) is the algebra of all bounded linear operators on the Hilbert space H, we denote X α := X i1 · · · X i k and X g0 := I H .
We say that f = f (X 1 , . . . , X n ) := α∈F + n a α X α , a α ∈ C, is a free holomorphic function on the noncommutative ball [B(H) n ] ρ for some ρ > 0, where
|α|=k a α X α is convergent in the operator norm topology for any (X 1 , . . . , X n ) ∈ [B(H) n ] ρ . According to [44] , f is a free holomorphic function on [B(H) n ] ρ if and only if
Throughout this paper, we assume that a α ≥ 0 for any α ∈ F + n , a g0 = 0, and a gi > 0, i = 1, . . . , n. A function f satisfying all these conditions on the coefficients is called a positive regular free holomorphic function on [B(H) n ] ρ for some ρ > 0.
Then there exists r ∈ (0, 1) such that f (rS 1 , . . . , rS n ) < 1 and, for any m = 1, 2, . . .,
where b
(m) g0 = 1 and
Proof. Due to the Schwartz type lemma for free holomorphic functions on the open unit ball [B(H) n ] 1 (see [44] ), there exists r > 0 such that f (rS 1 , . . . , rS n ) is in the noncommutative disc algebra A n and f (rS 1 , . . . , rS n ) < 1. Therefore, the operator I − f (rS 1 , . . . , rS n ) is invertible with its inverse g(rS 1 , . . . , rS n ) :
Assume that g(rS 1 , . . . , rS n ) has the Fourier representation α∈F
α ∈ C. Consequently, using the fact that r |α| b
(1)
Due to the uniqueness of the Fourier representation of the elements in F ∞ n , we deduce relation (1.1), when m = 1. Now, we proceed by induction over m. Assume that relation (1.1) holds for m and let us prove it for m + 1. Notice that
If we look closer to the sums in the brackets, we notice that each product a η1 · · · a ηp , where
Moreover, at each occurrence, the product a η1 · · · a ηp has a coefficient which is equal to
Hence, we deduce that the coefficient of a η1 · · · a ηp is equal to
The latter equality can be easily deduced using the well-known relation
This completes the induction and the proof. 
Then the following relations hold:
if |β| ≥ 1 and m = 1, 2, . . . , and
Proof. Since
and using Lemma 1.1, we have 
Hence, using the uniqueness of the Fourier representation for the elements in F ∞ n , we obtain relation (1.2). To prove (1.3), assume that m ≥ 2 and notice that
Consequently, we have
Using again the uniqueness of the Fourier representation for the elements in F 
Due to Lemma 1.2, we have b
Since a gi > 0 for each i = 1, . . . , n, we deduce that
Now we define the weighted left creation operators
. . , n, associated with the positive regular free holomorphic f by setting W i := S i D i , where S 1 , . . . , S n are the left creation operators on the full Fock space F 2 (H n ). Therefore, we have
where the coefficients b 
m (I) = P C , where P C is the orthogonal projection of F 2 (H n ) on C, and the map
where the convergence is in the weak operator topology; Proof. Using relation (1.1), a simple calculation reveals that
for any α, β ∈ F + n . Due to (1.5), we deduce that
Since the case m = 1 was considered in [47] , we assume that m ≥ 2. Notice that
where
if α = g 0 , and
Due to relation (1.3), if 1 ≤ |α| ≤ N , we have
On the other hand, since a β ≥ 0, b
is a decreasing sequence of positive diagonal operators which converges in the strong operator topology. Hence, we deduce that |β|≥1 a β W β W * β ≤ I, where the convergence is in the strong operator topology.
We prove now part (ii). By (1.6), the subspaces Ce α , α ∈ F + n , are invariant under W β W * β , β ∈ F + n , and, therefore, they are also invariant under (id − Φ f,W ) m (I). Consequently, it is enough to show that
for any α ∈ F + n with |α| ≥ 1. The first equality is obvious due to (1.6). Using Lemma 1.2, we deduce that
To prove part (iii), notice that relation (1.6) implies Φ It remains to prove (iv). To this end, notice that
and, therefore β∈F
Using part (ii), we complete the proof.
We can also define the weighted right creation operators
. . , n, where R 1 , . . . , R n are the right creation operators on the full Fock space F 2 (H n ) and each diagonal operator G i , i = 1, . . . , n, is defined by
As in the case of weighted left creation operators, one can show that
wheref (X 1 , . . . , X n ) := |α|≥1 aαX α ,α denotes the reverse of α, and Φf ,Λ (X) :
, with the convergence is in the weak operator topology. Since
where the convergence is in the strong operator topology. Therefore, we obtain a result similar to Theorem 
Proof. One implication is obvious. Assume that m ≥ 2 and (id − ϕ) m (D) ≥ 0. Due to the identity
and the fact that ϕ is a positive linear map, we deduce that
h is a real number for any h ∈ H and j = 0, 1, . . .. Note that, we have
is a decreasing sequence of real numbers. On the other hand, using the fact that ϕ is a power bounded linear map, there exists a constant M > 0 such that ϕ k ≤ M for any k ∈ N. Therefore, we have
for any p = 0, 1, . . .. Hence, we deduce that x j ≥ 0 for any j = 0, 1, . . .. In particular, we have
The proof is complete.
Corollary 1.5. If ϕ is a positive linear map on B(H) such that ϕ(I) ≤ I and (id
Given m, n ∈ {1, 2, . . .} and a positive regular free holomorphic function f := |α|≥1 a α X α , we define the noncommutative domain
, and the convergence is in the week operator topology. For the next result, we need to denote by (W 
Proof. Items (i) and (ii) follow from Theorem 1.3, Lemma 1.4, and relation (1.9). Using relation (1.5) when f is replaced byf , we obtain
On the other hand, due to relation (1.8), we deduce that
Therefore,
. . , n. Now, using relation (1.4), (1.8), we obtain
j e α , which proves (iv). The proof is complete.
Noncommutative Berezin transforms
In this section, we introduce a noncommutative Berezin transform associated with each n-tuple of operators T := (T 1 , . . . , T n ) in the noncommutative domain D m f (H), and present some of its basic properties.
Let f be a positive regular free holomorphic function on a noncommutative ball [B(H)
n be an n-tuple of operators such that the series |α|≥1 a α T α T * α is WOT convergent, and consider the bounded linear map
where the convergence is in the week operator topology. The joint spectral radius of
We recall that the model n-tuple (Λ 1 , . . . , Λ n ) associated with D m f was defined in Section 1. According to the results of that section, the series |α|≥1 aαΛ α Λ * α is SOT convergent and, therefore, so is the series
where r(A) denotes the usual spectral radius of an operator A. Due to the results of Section 1, we have
Consequently, if r f (T 1 , . . . , T n ) < 1, then the operator (2.3)
is well-defined, where the convergence is in the operator norm topology.
1/2 and x, y ∈ H. We remark that in the particular case when: n = 1, m = 1, f (X) = X, H = C, and T = λ ∈ D, we recover the Berezin transform of a bounded linear operator on the Hardy space H 2 (D), i.e.,
The noncommutative Berezin transform will play an important role in this paper. We will present some of its basic properties in this section. First, we need a few preliminary results about positive linear maps on B(H). 
We proceed now by induction over k. Assume that (2.5) holds for k = m. Since ϕ(id − ϕ) = (id − ϕ)ϕ and
Using the induction hypothesis, we complete the proof. 
Proof. For each h ∈ H, p = 0, 1, . . ., and r = 0, 1, . . . , m, denote x (r)
. . , m − 1, using the same lemma, we obtain
is a decreasing sequence of positive numbers. In particular, when k = 0, we deduce that lim
It remains to prove that
As an intermediate step, we will also prove that
Notice that this relation holds true if r = 1, due to the fact that the series
is convergent. We proceed now by induction over r. Assume that 1 ≤ N ≤ m − 1 and that relation (2.7) holds for r = N , i.e,
We shall prove first that relation (2.6) holds for k = N . Due to the Cauchy criterion, we have
Since {x
is a decreasing sequence of positive numbers, we have
2q → 0 as q → ∞. Consequently, relation (2.6) holds for k = N . Now, we prove that if (2.6) holds for k = N (where 1 ≤ N ≤ m − 1) and relation (2.7) holds for r = N , then (2.7) holds also for r = N + 1. Notice that
q+1 .
Using our assumptions, we conclude that (2.7) holds for r = N + 1. This completes the proof.
Let f be a positive regular free holomorphic function on a noncommutative ball
In what follows we introduce the noncommutative Berezin kernel associated with any n-tuple of operators
, and present some of its basic properties. 
for any h ∈ H. Now, applying Lemma 2.2 to Φ f,T , we deduce that (2.9)
Due to the above calculations, we have
f,T is a contraction and
On the other hand, one can show that
where (W 1 , . . . , W n ) is the n-tuple of weighted left creation operators associated with the noncommutative domain D m f . Indeed, notice that, due to relation (1.5), we have
Hence, we deduce that
for any h ∈ H and i = 1, . . . , n, which proves our assertion.
We can define now the extended noncommutative Berezin transform
where the noncommutative Berezin kernel K has the Fourier representation is β∈F
). Consequently, using relations (1.8) and (2.13), we obtain
for any h ∈ H. Taking into account relations (2.4) and (2.12), we complete the proof.
Let us recall some definitions concerning completely bounded maps on operator spaces. We identify M k (B(H)), the set of k × k matrices with entries in B(H), with B(H (k) ), where H (k) is the direct sum of k copies of H. If X is an operator space, i.e., a closed subspace of B(H), we consider M k (X ) as a subspace of M k (B(H)) with the induced norm. Let X , Y be operator spaces and u : X → Y be a linear map. Define the map
We say that u is completely bounded if u cb := sup k≥1 u k < ∞. When u cb ≤ 1 (resp. u k is an isometry for any k ≥ 1) then u is completely contractive (resp. isometric). We call u completely positive if u k is positive for all k ≥ 1. For more information on completely bounded maps and the classical von Neumann inequality [53] , we refer to [28] and [29] .
Let 
where the convergence is in the weak operator topology. In the proof of Lemma 2.3, we saw that Q f,T := SOT-lim k→∞ Φ k f,T (I) exists. We call an n-tuple T pure (or of class C ·0 ) if Q f,T = 0. We remark that if Φ f,T (I) < 1, then T is of class C ·0 . This is due to the fact that Φ 
In particular, the restriction of B T to the domain algebra A n (D 
Now, one can easily deduce that B T is a unital completely contractive linear map. This completes the proof.
We say that an n-tuple of operators X := (X 1 , . . . , X n ) ∈ D 
which converges to zero as r → 0. Since f k , k = 1, . . . , m, is a free holomorphic function with f k (0) = 0, a similar result holds. Therefore, there exists a ball
We remark that one can easily prove that if p is a positive regular noncommutative polynomial and 
where the limit exists in the norm topology of B(H), and
Proof. Since 0 < r < 1, (
Therefore, due to relation (2.10), K f,rT is an isometry. Now, Lemma 2.3 implies
n . Hence, we deduce that Using the matrix version on (2.15), we deduce that Ψ f,m,T is a unital completely contractive linear map. To prove the second part of the theorem, one has to use the relation
and standard approximation arguments (see [39] ).
We 
In particular, the result holds if p = a 1 X 1 + · · · + a n X n with a i > 0.
Proof. The direct implication is due to Theorem 2.7 and Arveson's extension theorem [6] . For the converse, use Theorem 1.6, and notice that 
Note that, for any j = 1, . . . , |α| and k = 1, . . . , |β|,
where M |β|,m := |β| + m − 1 m − 1 . A closer look at the above-mentioned equalities reveals that 
where P is the set of all polynomial in F 2 (H n ). Indeed, for each
e βγ and, due to inequality (3.1), we deduce that
then there is a unique bounded operator acting on F 2 (H n ), which we denote by ϕ(W 1 , . . . , W n ), such that
The set of all operators ϕ(W 1 , . . . , W n ) ∈ B(F 2 (H n )) satisfying the above-mentioned properties is denoted by F 
then there is a unique bounded operator on F 2 (H n ), which we denote by g(Λ 1 , . . . , Λ n ), such that
The set of all operators g(Λ 1 , . . . , Λ n ) ∈ B(F 2 (H n )) satisfying the above-mentioned properties is denoted by R 
, where ′ stands for the commutant and
is the unitary operator defined by U e α = eα, α ∈ F
n )) be the weighted left (resp. right) creation operators associated with the noncommutative domain D m f . Due to Theorem 1.6, part (iii), we have
eβ for some coefficients {c β } β∈F
On the other hand, since AW
i A for i = 1, . . . , n, relations (1.5) and (1.8) imply
for any α ∈ F + n . Therefore, A(q) = β∈Fn cβΛ β (q) for any polynomial q in in the full Fock space
′ . The item (ii) follows easily applying part (i). This completes the proof.
An obvious consequence of Proposition 3.1 is that F
Let Q k , k ≥ 0, be the orthogonal projection of F 2 (H n ) on the the subspace span {e α : |α| = k}. For each integer j, define the completely contractive projection Φ j : B(
According to Lemma 1.1 from [17] , the Cesaro operators on B(F 2 (H n )) defined by
are completely contractive and Σ k (A) converges to A in the strong operator topology. Now, let A ∈ F 
and Q j AQ k+j = 0 if k ≥ 1 and j ≥ 0. Therefore,
converges to A, as k → ∞, in the strong operator topology. Therefore, we have proved the following result. Now, we have all the ingredients to extend the corresponding results from [18] and [47] , to our more general setting. More precisely, one can similarly prove that the following statements hold: 
and
|α|=k c α r |α| T α , with the convergence in the operator norm topology.
Proof. According to relations (1.6) and (3.1), the operators {W β } |β|=k have orthogonal ranges and
where M |β|,m := |β| + m − 1 m − 1 . Consequently, we deduce that
Hence and using (3.3), we deduce that, for 0 < t < 1,
which proves that 
where B T is the noncommutative Berezin transform at T ∈ D m f (H). Then (i) Ψ T is WOT-continuous (resp. SOT-continuous) on bounded sets; (ii) Ψ T is a unital completely contractive homomorphism and Ψ
If, in addition, the universal model (W 1 , . . . , W n ) has the radial property with respect to
|α|=k c α r |α| T α and the convergence is in the operator norm topology.
Proof. According to Section 2 (see relation (2.11)), we have
where the noncommutative Berezin kernel K
f,T is given by relation (2.13). Using standard facts in functional analysis, we deduce part (i). Now, we prove part (ii). Since T is a pure n-tuple of operators, by Lemma 2.3, 
for any r ∈ (δ, 1). Using all these facts, careful calculations reveal that
f,rW e γ , e σ ⊗ e ǫ for any r ∈ (δ, 1) and γ, σ, ǫ ∈ F + n . Hence, since g(rW 1 , . . . , rW n ) and g(W 1 , . . . , W n ) are bounded operators, we deduce that
Since the n-tuple rW :
f,rW is an isometry and, therefore, the equality above implies
for any r ∈ (γ, 1).
Hence, and due to the fact that g(W 1 , . . . , W n )e α = lim r→1 g(rW 1 , . . . , rW n )e α for any α ∈ F + n , an approximation argument implies relation (3.6).
According to Lemma 3.3, we have
for any r ∈ (δ, 1).
On the other hand, since the map Y → Y ⊗ I H is SOT-continuous on bounded sets, relations (3.6) and (3.8) imply that
Hence, using relation (3.9) and that K
f,T is an isometry, we deduce that
This completes the proof.
We need now the following technical result concerning the Berezin transform and the radial property. 
is a pure n-tuple of operators, then
where g r (W 1 , . . . , W n ) := g(rW 1 , . . . , rW n ).
Proof. First, notice that Lemma 2.3 implies 
On the other hand, let us prove that
where the convergence is in the operator norm topology. Notice that, if ǫ > 0, there is m 0 ∈ N such that
f (H), Theorem 2.7 and relation (3.3) imply
Now, we can deduce that
Consequently, there exists 0 < d < 1 such that
for any t ∈ (d, 1). Hence, we deduce (3.15). Using relations (3.10), (3.15), and taking the limit in (3.14), as t → 1, we obtain (3.12). Now, assume that T is a pure n-tuple. Based on Proposition 2.4 and relations (2.12), (3.2), and (3.12), we deduce that B rT [g] = B T [g r ] for r ∈ (δ, 1). The proof is complete.
Using Theorem 3.4 and Lemma 3.5, we can deduce the following Fatou type result.
f (H) be a pure n-tuple of operators and assume that (W 1 , . . . , W n ) has the radial property. Then
Proof. Recall that Φ f,T (X) := |α|≥1 a α T α XT * α , where the series is WOT-convergent. Since the sequence 1≤|α|≤k a α r 2|α| W α W * α is bounded and SOT-convergent to Φ f,rW (I), as k → ∞, the proof of theorem 2.5 implies
and, consequently,
f,T . Since (W 1 , . . . , W n ) has the radial property, so does (T 1 , . . . , T n ). Using now Theorem 3.4 and Lemma 3.5, we can complete the proof. 
where Q f,T := SOT-lim k→∞ Φ Proof. Let δ ∈ (0, 1) be such that (rT 1 , . . . , rT n ) ∈ D m f (H) and (rW 1 , . . . , rW n ) ∈ D m f (F 2 (H n )) for any r ∈ (δ, 1). Due to (3.8) and taking the limit in relation (3.2), as r → 1 , we deduce that the map
, is well-defined, linear, and
f,T is one-to-one, its range is dense in H. Consequently, the map G has a unique extension to a bounded linear operator on H, denoted also by G, with G ≤ g(W 1 , . . . , W n ) . Let us show that (3.16) lim r→1 g r (T 1 , . . . , T n )h = Gh for any h ∈ H.
Let {y k } ∞ k=1 be a sequence of vectors in the range of K * f,T , which converges to y. According to Theorem 2.7 and relations (3.7), (3.8), we have
for any r ∈ (δ, 1). Let {y k } ∞ k=1 be a sequence of vectors in the range of K (m) f,T * , which converges to y, and notice that
Since lim r→1 g r (T 1 , . . . , T n )y k = Gy k , relation (3.16) follows. Due to Lemma 3.5, we have
f,rT , which together with (3.16) imply part (i) of the theorem. Now let us prove part (ii). Due to relation (3.17), we have g r (T 1 , . . . , T n ) ≤ g(W 1 , . . . , W n ) and, therefore, Φ(g) ≤ g for g ∈ F ∞ n (D m f ). Taking r → 1 in relation (3.2) of Lemma 3.3 and using part (i), we obtain
in the weak (resp. strong) operator topology. Then g i ⊗ I converges to g ⊗ I in the same topologies. By (3.18), we have Φ(g i )K
is dense in H and {Φ(g i )} is bounded, an approximation argument shows that Φ(g i ) → Φ(g) in the weak (resp. strong) operator topology.
To prove (iii), note that (3.17) and the fact that K f,rT is an isometry for r ∈ (δ, 1) imply
) and r ∈ (δ, 1). Hence, and due to the fact that Φ(g ij ) = SOT-lim r→1 g ij (rT 1 , . . . , rT n ), we deduce that Φ is completely contractive map. On the other hand, due to Theorem 2.7, Φ is a homomorphism on polynomials in W 1 , . . . , W n and the identity. Since these polynomials are sequentially WOT-dense in F On the other hand, if m = 1, n = 1, and p = Z 1 + · · · + Z n , we obtain the F ∞ n -functional calculus for row contractions [35] . Moreover, if m = 1, n = 1, and p = Z, we obtain the Nagy-Foias H ∞ -functional calculus for c.n.c contractions. We remark that the H ∞ -functional calculus works for a larger class of contractions (see [52] ).
Weighted shifts, symmetric weighted Fock spaces, and multipliers
In this section, we find all the eigenvectors for W * 1 , . . . , W * n , where (W 1 , . . . , W n ) is the universal model associated with the noncommutative domain D . We also show that the algebra of all its multipliers is reflexive. This section plays an important role in connecting the results of the present paper to analytic function theory on Reinhardt domains in C n , as well as, to model theory for commuting n-tuples of operators.
Let f = |α|≥1 a α X α be a positive regular free holomorphic function on [B(H) n ], ρ > 0, and define
where 
whereα denotes the reverse of α. They satisfy the equations
and each vector z λ is cyclic for
is w * -continuous and multiplicative. Moreover,
Proof. Since |α|≥1 aαΛ α Λ * α is SOT-convergent and, for any
is well-defined. Due to the results of Section 1 (see Lemma 1.1), we have 
where the coefficients b β , β ∈ F + n , are defined by relation (1.1). Hence, and using relation (1.8), we obtain
The fact that
, then λ is of class C ·0 with respect to D 1 f,• (C). Using relation (2.9) in our particular case, we get 
GELU POPESCU
Due to relation (1.5), we have
A simple computation shows that W * i z λ = λ i z λ for i = 1, . . . , n. Similarly, one can use relation (1.8) to prove that Λ * i z λ = λ i z λ for i = 1, . . . , n. Conversely, let z = β∈F + n c β e β ∈ F 2 (H n ) and assume that W * i z = λ i z, i = 1, . . . , n, for some n-tuple (λ 1 , . . . , λ n ) ∈ C n . Using the definition of the weighted left creation operators W 1 , . . . , W n , we deduce that
A similar result can be proved for the weighted right creation operators Λ 1 , . . . , Λ n if one uses relation (1.8).
Now, let us prove the last part of the theorem. Since ϕ(W 1 , . . . , W n ) = β∈F
β |λ β | 2 < ∞. Applying Cauchy's inequality, we have
Note also that
Now, for each β ∈ F + n , we have
One can easily see that
The fact that the map Φ λ is multiplicative and w * -continuous is now obvious. This completes the proof.
As in [18] , in the particular case when m = 1 and f = X 1 + · · · + X n , one can similarly prove (using Theorem 4.1) the following. 
We recall that the joint right spectrum σ r (T 1 , . . . , T n ) of an n-tuple (T 1 , . . . , T n ) of operators in B(H) is the set of all n-tuples (λ 1 , . . . , λ n ) of complex numbers such that the right ideal of B(H) generated by the operators λ 1 I − T 1 , . . . , λ n I − T n does not contain the identity operator. We recall [46] that
. . , T n ) if and only if there exists δ > 0 such that We need a few definitions. For each λ = (λ 1 , . . . , λ n ) ∈ C n and each n-tuple k :
For each k ∈ N n 0 , define the vector
and the coefficients b
. We denote by F If Q is a set of noncommutative polynomials, we define the subspace M Q of F 2 (H n ) by setting 
Then the following statements hold:
(ii) 
More precisely, every element
is positive definite, and
Proof. First, we prove that
Notice that the first inclusion is due to that fact that
To prove the second inclusion, note that, due to relation (1.5), we have
. . , n. This shows that w k ∈ N Qc and proves our assertion. To complete the proof of part (i), it is enough to show that
To this end, assume that there is a vector x := β∈F + n c β e β ∈ N Qc and x ⊥ z λ for all λ ∈ D 1 f,• (C). Then, using (4.1), we obtain
Fix β 0 ∈ Λ k and let β ∈ Λ k be such that β is obtained from β 0 by transposing just two generators. So we can assume that β 0 = γg j g i ω and β = γg i g j ω for some γ, ω ∈ F + n and i = j, i, j = 1, . . . , n. Since
which implies
. Since any element γ ∈ Λ k can be obtained from β 0 by successive transpositions, repeating the above argument, we deduce that c β0
γ , γ ∈ Λ k , and relation (4.4) implies t = 0 (remember that b β > 0). Therefore, c γ = 0 for any γ ∈ Λ k and k ∈ N n 0 , so x = 0. Consequently, we have span{z λ : λ ∈ D 
and, due to (4.2),
The identification of F 
(C), we deduce that
the result in part (iii) follows. The proof is complete.
Let J c be the w * -closed two-sided ideal of the Hardy algebra
Since W i W j − W j W i ∈ J c and every permutation of k objects is a product of transpositions, it is clear that 
where W 1 , . . . , W n are the weighted left creation operators associated with 
In particular, for each i = 1, . . . , n, L i is is the multiplier M λi by the coordinate function. Let H ∞ (D If S is any collection of subspaces of H, then we define Alg S by setting Alg S := {A ∈ B(H) : S ⊂ Lat A}.
We recall that the algebra U ⊂ B(H) is reflexive if U = Alg Lat U. 
We assume that N Q = {0}. It is easy to see that N Q is invariant under each operator W * 1 , . . . , W * n and Λ * 1 , . . . , Λ * n . Define B i := P NQ W i | NQ and C i := P NQ Λ i |N Q for i = 1, . . . , n, where P NQ is the orthogonal projection of F 2 (H n ) onto N Q . Notice that q(B 1 , . . . , B n ) = 0 for any q ∈ Q. By taking the compression to the subspace N Q , in Theorem 1.3, we obtain similar results, where the universal model (W 1 , . . . , W n ) is replaced by the n-tuple (B 1 , . . . , B n ). In particular, we deduce that (B 1 , . . . , B n ) ∈ V Proof. Using Lemma 2.3, we have
for any x ∈ H, y ∈ ∆ f,m,T H, and q ∈ Q. Hence, we deduce that
Due to the definition of the constrained Berezin kernel associated with the n-tuple T ∈ V m f,Q (H), and using Lemma 2.3 and relation (5.4), we obtain
Since (5.4) holds and K
f,T,Q . Consequently, using relation 5.5, we deduce that
Now, one can easily deduce that B c T is a unital completely contractive linear map on span{B α B * β : α, β ∈ F + n }. The proof is complete.
We recall that an n-tuple of operators T := (T 1 , . . . , T n ) ∈ V 
If, in addition, T is a pure n-tuple of operators, then
where the limit exists in the norm topology of B(H).
Proof. Let δ ∈ (0, 1) be such that rT := (rT 1 , . . . , rT n ) ∈ D m f (H) for any r ∈ (δ, 1). Since Q consists of homogenous polynomials we also have rT ∈ V 
f,rT is the constrained Berezin kernel and
f,rT,Q is an isometry. Consequently, as in the proof of Theorem 2.7, we deduce that there is a unique unital completely contractive linear map Ψ p,T,Q :
n . The rest of the proof is similar to that of Theorem 2.7. We shall omit it.
Assume now that p is a positive regular noncommutative polynomial and let D 
Proof. Since 1 ∈ N Q and N Q is an invariant subspace W * i , i = 1, . . . , n, we use Theorem 1.3 to obtain
where P NQ C is the orthogonal projection of N Q onto C. Fix
and note that
for any polynomial q(B 1 , . . . , B n ). Hence, we deduce that the operator q(B 1 , . . . , B n )P to deduce that
Since P C B * β ϕ, e γ = 0 for any γ ∈ F + n with |γ| ≥ 1, our assertion follows. On the other hand, since P
m (I NQ ) and M is reducing for B 1 , . . . , B n , we deduce that c β ∈ M, so 1 ∈ M. Using once again that M is invariant under the operators B 1 , . . . , B n , we have E ⊆ M. On the other hand, since E is dense in N Q , we deduce that N Q ⊂ M. Therefore N Q = M. This completes the proof.
We say that two n-tuples of operators (T 1 , . . . , T n ), T i ∈ B(H), and (T 
Model theory on Noncommutative Varieties
In this section, we obtain dilation and model theorems for the elements of the noncommutative variety V m f,Q (H) ⊂ D m f (H) generated by a set Q of noncommutative polynomials. We recall that N Q := F 2 (H n ) ⊖ M Q , where the subspace M Q is defined by (5.1). We keep the notations of the previous sections. Our first dilation result on noncommutative varieties is the following. 
Since f is positive regular free holomorphic function, we have a gi = 0 for any i = 1, . . . , n. Consequently, L i can be extended to a bounded operator on K, which will also be denoted by L i . Now, setting U i := L * i , i = 1, . . . , n, relation (6.1) implies (6.2) Y * U i = T i Y * , i = 1, . . . , n.
Using this relation and the fact that Φ f,T (Q f,T ) = Q f,T , we deduce that
Hence, Φ f,U (I K )Y h, Y h = Y h, Y h , h ∈ H, which implies Φ f,U (I K ) = I K . Now, using relation (6.2), we obtain Y * q(U 1 , . . . , U n ) = q(T 1 , . . . , T n )Y * = 0, q ∈ Q.
Since Y * is injective on K = Y H, we have q(U 1 , . . . , U n ) = 0 for any q ∈ Q. Let V : H → [N Q ⊗ H] ⊕ K be defined by
Notice that V is an isometry. Indeed, due to relations (2.10) and (5.4), we have 
V h
for any h ∈ H and i = 1, . . . , n. Identifying H with V H we complete the proof of (i) and (ii). The last part of the theorem is obvious.
We need the following result concerning power bounded positive linear maps on B(H). Hence, we deduce that ϕ(D) = D. The converse is obvious.
Let C * (Γ) be the C * -algebra generated by a set of operators Γ ⊂ B(K) and the identity. A subspace H ⊂ K is called * -cyclic for Γ if K = span{Xh, X ∈ C * (Γ), h ∈ H}. The main result of this section is the following model theorem for the elements of a noncommutative variety V 4) , and identifying G with ∆ p,m,T H, we obtain the required dilation. On the other hand, due to the fact that (id − Φ p,π(B) ) m (I Kπ ) = 0, we can use Lemma 6.2 to deduce that Φ p,π(B) (I Kπ ) = I Kπ . The proof is complete.
A few remarks are needed. A closer look at Theorem 6.3 reveals that one can replace the polynomial p with a positive regular free holomorphic function f and obtain a model theorem for any ntuple (T 1 , . . . , T n ) ∈ V On the other hand, notice that using the proof of Theorem 6.3 and due to the standard theory of representations of C * -algebras, one can deduce the following Wold type decomposition for non-degenerate
